We study the static Einstein equation coupled with a scalar field with axial symmetry. The zero curvature equation both for the scalar field and a part of the metric in the scalar-Einstein equation enables one to obtain soliton solutions for both the scalar field and the metric. Of the infinite series of solutions for the metric and the scalar field we focus on the solution composed of 4-soliton solution of metric and 4-soliton solution of scalar field. We give a physical interpretation of the solution that two Weyls with scalar charges are exactly sustained by the tension of a string lying between the two Weyls.
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Multi-Weyl Solutions to the Einstein Equation Coupled with Scalar Field
One of the most interesting problems of black holes is the study of bifurcation of a black hole and coalescence of multi black holes_ Before the dynamical behaviors of black holes is understood through the exact solutions of the Einstein equation, we should first understand the static and stationary solutions of multi black holes. In the preceding papers!) we have studied the vacuum soliton solutions to the static Einstein equation which includes the ring-type solutions and the multi-Weyl solution. In the 4-soliton solution or two-Weyl solution, what is peculiar in the solution is the existence of a conical singularity which may be interpreted as a "cosmic string" or strut between two Weyls. We showed that the string tension cancels the gravitational attractive force. There are two possible solutions which satisfy the asymptotic flatness: (i) The masses of two Weyls could be both positive while the string tension or the line density of the strut is negative; (ii) One of the masses of two Weyls should be negative if the string tension has the positive sign_ Either case comprises physical difficulty: negative mass or negative energy density.
Classically there can be several ways for particles to balance despite of their attractive gravitational forces. The first is the introduction of strut to sustain their gravitational forces. The second is the introduction of negative mass to the system of particles. The third is the introduction of another force which can cancel the gravitational attractive force. As for the third one of the realization in the general relativity is the work by Papapetrou and Majumdar (the PM solution)_2) They introduced the coulomb force to cancel the gravitational attractive force. However the electric charge and the mass of each black hole are not independent charges but should satisfy the relation which realizes the extremal case of the Reissner-Nordstrom solution. What if the constraint between the mass and the electric charge are removed? This has not been answered so far. In the general relativity what could be the correspondence to the strut and the negative mass for balancing? This can be answered by showing the exact solutions to the Einstein equation.
As far as we consider the vacuum Einstein equation we could not find physically meaningful solutions. The third way of the balancing mentioned above might save the difficulty. The difficulty of the negative line density or energy per unit length of the strut may be removed by introducing another force while keeping the masses of two Weyls positive. In order to examine this conjecture we introduce a massless scalar field which constitutes the energy-momentum tensor. Although the equations . seem to be complicated apparently, the assumption of the factorization of Q(see Eq.
(2')) causes the drastic simplification of the equations. The equations show the parallelism between a part of metric and the scalar field. Since the equations for the metric are completely the same as those in the vacuum case, we can obtain an infinite number of the soliton solutions not only for the metric part but also for the scalar
part. An assembly of the two infinite series of solutions constitutes the exact solutions. Of these solutions we focus on the 4-soliton solutions both for the metric and the scalar part in order to consider the question raised above, that is, whether the strut between two scalar-charged Weyls with positive masses allows for the positive string tension. We shall further consider the special limit that the string tension vanishes. In this limit the metric simplifies and should be compared with the PM solution.
Before we discuss the non-vacuum case we summarize the vacuum solution which will be important also in the scalar-Einstein equation. The metric is given by
The Einstein equation for f can be understood as a soliton equation and so its solution is characterized by the soliton number. By using the solution f we integrate to obtain Q. The solutions can be classified as they are made of real poles, complex poles or the mixture of them. Although their constituents are complex we can adjust a parameter so that the metric is real. Here we focus on the series of real pole solutions. The behaviors of f and Q are depicted in Figs. 1 and 2, respectively. The solitonic behavior that the 4-soliton solution for f and Q consists of two almost incoherent 2-soliton solutions can be seen from these figures. We can say that the 4-soliton solution is just the superposition of two 2-soliton solutions at different positions. What we are specially interested in is the z-axis between two Weyls shown in the figures. Along the z-axis between two Weyls there exists a conical singularity which can be understood as a strut preventing them from collapsing. However there is a problem that the energy density per unit length of the strut is negative when both masses are positive ( Fig. l(b) ). This difficulty might be evaded by introducing some fields. The non-vacuum case may not be subject to this difficulty because of the field contributing to the energy-momentum tensor. This is the point which we stressed in the introduction and motivated the present work.
We consider the case that the energy-momentum tensor is composed of a scalar field. We shall discuss how the string tension or the line density along the z-axis is modified when the scalar field exists. We shall solve the static Einstein equation assuming axial symmetry in the presence of scalar field. The metric is given in Eq. (1). By using the Z x Z matrix g, the Einstein equation reads
where the Z x Z matrices U and V are defined by
In Eqs. (3a -d) and thereafter F,x is a partial differentiation of F with respect to x. 
J=exp(2I/J) .
Eventually we have
This shows the parallelism between I/J and c/J.
We shall consider the solutions to these equations in two cases: the non-soliton and soliton cases.
(i) Non-soliton case. It is easy to see that Eqs. (6a) and (6a') are solved by
Though it is not easy to integrate Eqs. (6b) and (6c) to obtain Q, and (6b') and (6c') to obtain Q for these solutions, we do not need their explicit forms as far as the following condition holds·
When this condition holds, the metric becomes
This solution does not have the event horizon and therefore can not be a scalarcharged black hole solution, which is understandable as a multi-source version of "no hair theorem".3) However, it is interesting to compare it with the PM solution which expresses the maximally charged black holes. In the PM solution the four-metric and four-potential are given by
where iP=l+ 2Jmdlx-xil.
i (lIb)
When we limit ourselves to the case that the charged black holes lie on the z-axis, the above two four-metrics coincide in the limit Ixl~mi despite the difference of the energy-momentum tensor constituent: scalar field or electric field.
(ii) Soliton case. We shall next consider the soliton-type solution. We note that Eqs. (6a-c) are the same as those for the vacuum case. In the previous papers!) we have already written down the exact vacuum solutions and discussed their intriguing physical interpretations. We can now make use of the solutions not only for cj; but also for the scalar field cp. We can therefore write a series of exact soliton-type solutions of scalar field as Now we obtain Q by substituting the solution to the r. h. s. of Eqs. (6b') and (6c') and then integrating the equations just as we obtain Q from Eqs. (6b) and (6c) by substituting the solution cj;. We thus obtain
Just as we classified the vacuum solutions according as the pole trajectories J1.k are real or complex for every soliton number, we can classify the above solutions by complexness of the {ik'S. In the vacuum case, the physically interesting solutions appear in the 4-soliton solution with real poles and complex poles. We called the ,4-soliton solution with complex poles the "2-ring solution" which is free from the divergence of the curvature invariants.
l )
Further investigation showed that the solution corresponds to that obtained by the disk-like source on the surface determined by two rings and it ranges outside the inner ring. 4 ) On the other hand the interpretation of the 4-soliton solution with real poles is the two nonlinearly superposed Weyls sitting on the z-axis with a certain distance. In this note we shall concentrate on this real pole case.
Before we discuss the 4-soliton solution of the scalar field, we first consider the 2-soliton solution. The solution is given by (l4) with (15) We assume that fiJI < fih and parameterize them as iih = Taking the boundary condition into account, we choose the ± signs in the J-Ik'S to obtain the scalar-charged Weyls with positive masses as in Fig. l(b) : It is interesting to observe the vicinity of the z-axis between two Weyls. It is not fiat and we can measure the deviation from Euclidean metric by using Po defined by
As can be seen from the comparison of Fig. 2 with Fig. 1 in the vacuum case the behavior of f of the four solitons shows that they are composed of roughly two Weyls localized at two different points. Note that f determines the Newtonian mass. It might be plausible that the inherent mass of each Weyl is determined when we can neglect the effect of other Weyl or it is separated far enough. A difficulty in the physical interpretation of the vacuum solution is that the string tension or the energy density per unit length is negative as far as the masses of two Weyls are both positive. 1 ) It is possible to make the string tension positive by paying the price that one of the Weyls has a negative mass. This might not be so serious because, exactly speaking, the negative mass is defined only when the other Weyl goes infinitely far limit. Whatever, the appearance of negative energy in either case is not pleasant. In the present case there is a way out.
Po in the present case is now given by
where Mi=oc 2 I5dC(i=1,2) and ei=2qc 2 I5d/G(i=1,2). The comparison with the metric in the presence of the cosmic string 5 ) with the string tension f-1. yields
We find that the sign of f-1. depends on the strength of two "charges" of two Weyls, or the masses and the scalar charges. From the string tension viewpoint the negative f-1. corresponds to the repulsive force and the positive f-1. to the attractive force. It is now possible to require that the energy density per unit length or f-1. be positive even when two Newtonian masses M1 and M2 are positive. The positive energy condition reads (27) This implies that the string tension works attractively as far as the above condition is satisfied. As M1 and M2 in Eq. (25) are not the masses of black holes, we here comment on the interpretation of our mass. Ever since the axially symmetric static solution was first found by Weyl, it has been controversial as for the interpretation of the mass. One of them is by Voorhees 6 ) and we follow his interpretation in Ref. 6 ) and here. The solution can be regarded as the effect of the mass source and the source configuration of the Weyl solution is a rod, ring or disk. The identification of a part of the 0-0 component of the metric as the Newton potential due to the source made of a thin rod makes it possible to relate the deformation parameter a with the mass line density A: O=2AC/c2, and similarly q with the charge line density p: q=/Gp/c 2 . We also obtain the relation between the mass M and the deformation parameter: M = OC 2 15/C, and the relation between the scalar charge e and q: e = 2qc 2 15/ /G. We thus obtain that M =215A and e=2I5p. In this interpretation one notes that the deformation parameter is, roughly speaking, the mass line density of the rod and q is the charge line density.
It is interesting to note that the above idea is also valid for the multi-Weyl solution case with scalar field. We shall illustrate this in the 4-soliton solution of both metric and scalar field. This turns out to be
where the relations 3=2GA/cz and q=fG p/c 2 are used. These relations are the same as those obtained when we regard that the source of 2-soliton solution is the thin rod with line density A and p just as above. In the far separated limit that the extension of the charges might be regarded as two point sources, we obtain the expression of the force composed of the Newton law and Coulomb force law with point-like masses and charges, and the comparison with the string tension (26) shows that the string tension between two Weyls works just to cancel the force. This shows how the forces are sustained by the string tension.
The string tension vanishes when the above equality is saturated. This turns out to be the condition that 
The difference from the vacuum case is that the masses and the energy line density of the strut are both positive as far as the above ~ondition (27) is satisfied. In the vacuum case the limit that 3--+ 1 of the 4-soliton solution shows the two Schwarzschilds with an inbetween strut. This limit is free from the divergence of curvature invariants. It has only a conical singularity on the z-axis or the strut between two Schwarzschild solutions in the far separated limit. On the other hand in the present case there does not appear black holes at the ends of the strut.
